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The generalized Langevin theory for a solution has been derived as the infinite dilution limit of the theory
for a two component mixture. Following a similar formalism, the mode coupling approximations of the
memory kernel have been also obtained. We have applied this method for one component bulk liquid of
Lennard-Jones spheres and proved this approximation theoretically. The analysis of the space and time pair
correlation proposed by Van Hove has been carried out as a function of solute particle sizes. It is found that the
size of the solute particle is deeply related to the relaxation process of the solvation structure characterized
around a solute particle at equilibrium. We have also investigated the relation between the different thermo-
dynamic environments and relaxation process. From these studies, we have obtained the useful information
about the rapidity of the relaxation of the solvation structure around a solute at equilibrium.
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I. INTRODUCTION

The solvation dynamics has been a central problem in
solution chemistry �1,2�. The electronic structure of a mol-
ecule in solution is strongly coupled with the solvation reor-
ganization process. In many biochemical processes, the dy-
namics of the solvent around or inside a protein is strongly
associated with the protein motion. Both static and dynami-
cal couplings between solute and solvent make the problem
difficult to tackle. It is no doubt that the importance and
complexity of their contribution become large with the sys-
tem size.

The recent progress of ultrafast laser spectroscopy makes
it possible to provide a scenario regarding the general pro-
cess of the solvation dynamics �3,4�. On the theoretical side,
considerable efforts have been devoted to the study of solva-
tion dynamics from the early stage of the development of
theoretical chemistry �5�. Computer simulation has been ap-
plied to this problem for a long time. However, in contrast to
the single motion of the solute, a large amount of sampling is
needed for the thermal average of the collective dynamics of
the solvent associated with solute motion. The direct simula-
tion of the solvent, therefore, might be unfavorable for the
discussion of the solvation dynamics in large systems. For
this reason, the density field of the solvent, which is the basic
quantity in liquid state theory �6�, is an essential concept for
the promising theory.

The generalized Langevin equation �GLE� formalism can
provide the exact expressions for the dynamic structure fac-
tor, which is the time correlation function of the density field
of the solvent. The GLE coupled with the mode coupling
theory �MCT� was originally presumed to be a theoretical
approach of the glass transition by Götze and Sjögren �7,8�.
Simulations at the temperature of the glass transition and
below would be difficult to perform because they would re-

quire long simulations to describe the very slow relaxation.
On the other hand, the GLE/MCT has been shown to be
suitable for the realistic description of glass transition and
slow dynamics. A start of the GLE/MCT for chemistry was
made by Chong and Hirata �9,10�. They derived the GLE/
MCT formalism for the molecular liquid with the use of the
interaction site model �11,12� and investigated the dynamics
of solvated ion �13�. The site-site formalism of the GLE/
MCT is a rapidly evolving and growing technique for solva-
tion dynamics �14–16�. However, in many applications, the
dynamical correlation between a solute and a solvent is
evaluated from the surrogate approximation which neglects
the contributions of the solute and solvent motions �17–19�.
There is no doubt that these neglected contributions play a
crucial role in the relaxation process of the solvation struc-
ture. Continued improvement beyond this approximation,
therefore, is needed for the sophisticated discussion of the
solvation dynamics.

The simplest approach for this problem is presented in
this paper, which is the extension of the GLE/MCT for two
component mixture fluid �20� to the infinite dilution system.
In the case of the Ornstein-Zernike equation, this extension
is easily carried out by taking the zero limit of solute density
�21�. However, since the static and dynamic structure factors
also depend on the number of particles, the proper manipu-
lation for the GLE/MCT is not trivial. To obtain the correct
formalism, we have proved the relation bridging their struc-
ture factors of a solution with those of mixture fluid. As a
result, the GLE/MCT for the different components in mix-
ture fluids corresponds to that for a solute and solvent at the
infinite dilution limit. This is a report of the GLE/MCT to
calculate the dynamic structure factor between a solute and a
solvent. Both self- and distinct parts of the time-space corre-
lation function, which is often called as the Van Hove func-
tion �22�, can be directly evaluated from the solution of the
obtained equations. The distinct part of the Van Hove func-
tion provides the detailed description of the solvation dy-
namics. As a preliminary application of this theory, we have*hirata@ims.ac.jp
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studied the collective dynamics of solvent around several
solutes which have different sizes.

This paper is organized as follows. In Sec. II A, we briefly
summarize the GLE/MCT formalisms for two component
mixture fluids proposed by Barrat and Latz �20�. In Sec. II B,
we give the mathematical relation of the static and dynamical
structure factors between mixture fluid and solution. Consid-
ering this relation, we derive the GLE/MCT for the infinite
dilution system. In Sec. II C, we extend the definition of the
Van Hove function self- and distinct parts to the single solute
and solvent system. In Sec. III, we investigate the theoretical
consistency and accuracy of the present method using the
bulk liquid. We also discuss the relaxation process of the
solvation structure for the different sizes of solutes. General
conclusions and some possible applications of the results
presented here are discussed in Sec. IV.

II. THEORY

A. Two component mixture

The generalized Langevin theory used in this work is
summarized elsewhere �23�, which we will briefly review in
this section. In the case of the two component mixture, the
dynamic structure factor is defined in terms of the density

field of species � for wave vector q, namely, �k
�=�ie

ik·ri
�
,

F��
mix�q,t� =

1

N
��−q

� �q
��t�� , �1�

where � ,�=u,v refer to the different species, with N being
the total number of particles.

At t=0, Fmix�q ,0� is called the static structure factor
Smix�q� describing the equilibrium structure of mixture fluid,

S��
mix�q� � F��

mix�q,0� = x���� + x�x��h���q� . �2�

The time evolution of the dynamic structure factor F is de-
scribed by the generalized Langevin equation

F̈mix�q,t� + �mix,2�q�Fmix�q,t� + 	
0

t

d�Mmix�q,t − ��Ḟmix�q,��

= 0. �3�

The collective frequency �mix,2�q� is expressed as follows:

���
mix,2�q� = q2kBT�x�/m���Smix,−1�q����, �4�

where x is the composition x�=N� /N and m� is the mass of
the species �, respectively.

A mode coupling term of the memory matrix reads explic-
itly

M��
mix,MCT�q,t� =

kBT�

16�3m�x�
�

���		�
	

−





dk V��	
mix �q,k�

�V���	�
mix �q,k�F���

mix�k,t�F		�
mix �
q − k
,t� ,

�5�

where

V��	
mix �q,k� = �q − k� · q̂���c�	

mix�
q − k
� + k · q̂��	c��
mix�k�

+ x�qc��	
mix,�3��k,q − k� , �6�

and the direct correlation function c��
mix is given by

�c��
mix�q� = ���/x� − �Smix,−1�q����. �7�

The triplet direct correlation function c��	
mix,�3� in Eq. �6�

can be calculated from the triplet Ornstein-Zernike equation
�24,25�

S��	
mix,�3��k,k�� = �

��

S��
mix�k�S�

mix�k��S	�
mix�
k + k�
�

�� 1

x�
2 ����� + �2c��

mix,�3��k,k��� , �8�

where S��	
mix,�3��k ,k�� is the triplet structure factor, which is

defined as

S��	
mix,�3��k,k�� =

1

N
��−k

� �−k�
�

�k+k�
	 � . �9�

In most of the practical applications, the terms of the triplet
correlation function are hard to be computed directly �26�, so
we ignore this term in this work.

B. Infinite dilution limit

Taking the zero limit of xu, the species u and v can be
considered as a solute and a solvent in the infinite dilution
system �21�. On this limit, the definitions of the dynamic
structure factors for each component are given by

Fuu�q,t� � �e−ik·ru
eik·ru�t�� , �10�

Fvv�q,t� �
1

N�
ij

e−ik·ri
v
eik·rj

v�t�� , �11�

Fuv�q,t� � �
j

e−ik·ru
eik·rj

v�t�� , �12�

where u and v refer to a solute and a solvent, respectively.
These definitions can be also related to Fmix as follows:

Fuu�q,t� = lim
Nu→1

NFuu
mix�q,t� , �13�

Fvv�q,t� = lim
Nv→N

Fvv
mix�q,t� , �14�

Fuv�q,t� = lim
Nu→1

lim
Nv→N

NF��
mix�q,t� . �15�

Substituting these equations into Eq. �3�, we get the set of the
GLEs for infinite dilution system,

F̈uu�q,t� + �uu
2 �q�Fuu�q,t� + 	

0

t

d� Muu�q,t − ��Ḟuu�q,�� = 0,

�16�
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F̈vv�q,t� + �vv
2 �q�Fvv�q,t� + 	

0

t

d� Mvv�q,t − ��Ḟvv�q,�� = 0,

�17�

F̈uv�q,t� + �uu�
2 �q�Fuv�q,t� + �uv�

2 �q�Fvv�q,t�

+ 	
0

t

d� Muu�q,t − ��Ḟuv�q,��

+ 	
0

t

d� Muv�q,t − ��Ḟvv�q,�� = 0. �18�

On the infinite dilution limit, the collective frequencies for
each component are given as

�uu
2 �q� =

kBTq2

mu
, �19�

�vv
2 �q� =

kBTq2

mv

1

Svv�q�
, �20�

�uv
2 �q� =

kBTq2

mu

�huv�q�
Svv�q�

, �21�

where �=N /V is the density of the system and huv�q� is the
total pair correlation function for wave vector q. Because the
expressions of a tagged particle and bulk solvent derived
here agree with the equations obtained from the different
approaches, theoretical consistency is proved.

Following the same formalism, the mode coupling terms
for each component are also derived from Eq. �5�,

Muu
MCT�q,t� =

kBT�

8�3mu
	

−





dk Vuvu�q,k�Vuvu�q,k�

�Fvv�k,t�Fuu�
q − k
,t� , �22�

Mvv
MCT�q,t� =

kBT�

16�3mv
	

−





dk Vvvv�q,k�Vvvv�q,k�

�Fvv�k,t�Fvv�
q − k
,t� , �23�

Muv
MCT�q,t� =

kBT�

8�3mu
	

−





dk�Vuvu�q,k�Vvvv�q,k�

�Fvv�k,t�Fuv�
q − k
,t�

+ Vuvu�q,k�Vvvu�q,k�Fvv�k,t�Fuu�
q − k
,t�� ,

�24�

where

Vuvu�q,k� = k · q̂cuv�k� , �25�

Vvvu�q,k� = �q − k� · q̂cvu�p� , �26�

Vvvv�q,k� = �q − k� · q̂cvv�
q − k
� + k · q̂cvv�k� . �27�

Notice that the remaining terms in Eq. �5� vanish or cancel
out at the zero limit of x�.

C. Correlations in space and time

The space-time pair correlation function G�r , t� proposed
by Van Hove �22�, which is also called the Van Hove func-
tion, has been used for the analysis of the dynamical behav-
ior of a liquid,

G�r,t� =
1

N�
i=1

N

�
j=1

N

��r + ri�0� − r j�t��� . �28�

The function G separates naturally into two terms called the
self-, Gs, and the distinct, Gd, parts:

G�r,t� = Gs�r,t� + Gd�r,t� , �29�

where

Gs�r,t� =
1

N�
i=1

N

��r + ri�0� − ri�t��� , �30�

Gd�r,t� =
1

N�
i=1

N

�
i�j

N

��r + ri�0� − r j�t��� . �31�

G�r , t� values can be estimated from inelastic scattering ex-
periments and are related to the dynamic structure factors by
the inverse Fourier transform as follows:

G�r,t� =
1

�2��3	
−





dr F�k,t�e−k·r. �32�

Following Eq. �32�, the definitions of the Van Hove functions
for an infinite dilution system are given by

Guu�r,t� = ���r + ru�0� − ru�t��� , �33�

Gvv�r,t� =
1

N�
j=1

N

�
i�j

N

��r + ri
u�0� − r j

v�t��� , �34�

Guv�r,t� =�
j=1

N

��r + ru�0� − r j
v�t��� . �35�

Notice that these functions are the natural extension of the
Van Hove function to the infinite dilution system. Guu and
Guv describe the self-diffusion property of a solute particle
and the relaxation process of the solvation structure charac-
terized around a solute at t=0.

If a solute is identical to the solvent species, namely, one
component bulk liquid, Gvv must be equal to the summation
of Guu and Guv. Since this equality is limited to one compo-
nent bulk liquid, the GLE of Fuv shown in Eq. �18� should be
solved for other cases.

III. RESULTS AND DISCUSSION

A. Bulk atomic liquid

In order to demonstrate the consistency of our formalism,
we have applied the theory to a bulk atomic liquid at reduced
temperature T�=1 and density ��=0.83. For one component
bulk liquid, again, Fvv is equal to the summation of Fuv and
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Fuu. Therefore, the value of Fuv calculated from Eq. �18�
corresponds to Fvv−Fuu.

The intermolecular interaction between two particles is
the Lennard-Jones �LJ� interaction

u�r� = 4����

r
�12

− ��

r
�6� , �36�

where � and � are the LJ parameters. In this work, the pa-
rameters of solvent listed in Table I are used. The static
structure factor is obtained from the Ornstein-Zernike/
hypernetted chain �HNC� integral equation �27�.

The dynamic structure factor at the fixed wave number is
plotted as a logarithm function of the reduced time in Fig. 1.
The first peak position of Suv�q� is chosen for a fixed wave
number. The dynamic structure factors for each component,
namely, Fuv�q , t�, Fuu�q , t�, and Fvv�q , t�, are expressed with
solid, dashed, and dashed-dotted lines, respectively. The
function which subtracts Fuu�q , t� from Fvv�q , t� is plotted in
Fig. 1 as a circle line. Fuv�q , t� calculated from alternative
approaches shows good agreement. This agreement guaran-
tees the theoretical consistency of the approximation, yet not
its practical accuracy.

The accuracy of the GLE/MCT approximation was stud-
ied by comparing Fuv�q , t� calculated from our theory with
Vineyard’s approximation and molecular dynamics simula-
tion. Vineyard’s approximation makes Fuv�q , t� a convolution
between huv�q� and Fuu�q , t�,

Fuv�q,t� = �huv�q�Fuu�q,t� , �37�

where we have substituted the result of the GLE/MCT into
Fuu�q , t�. The weakness of this approximation is obvious.
The motions of particles in the first shell are strongly corre-
lated with the occupation of the origin by another particle at
t=0, and Vineyard’s approximation overlooks this fact. The
molecular dynamics �MD� simulation of 500 LJ particles
was performed for 1000 ps with an integration time step of
1.0 fs in the microcanonical ensemble.

In Fig. 2, the results of the GLE/MCT, Vineyard’s ap-
proximation, and molecular dynamics simulation are plotted
by solid, dashed, and dashed-dotted lines, respectively. The
GLE/MCT overestimated the first peak and the entire behav-
ior of the curve is similar to Vineyard’s approximation. From
the form of the MCT, the four-point correlation is factorized
into the product of the two-point one. Furthermore, we have
neglected the three-point correlation included in the memory
functions �25� and �27�. These neglected correlations should
be treated properly for the improvement of this theory.

B. Size effect on the solvation relaxation

As a preliminary application of our theory, we investi-
gated the size effect of the solute particle on the relaxation of
the solvation structure. The solute-solvent interaction is de-
scribed by Lennard-Jones interactions. We employed the
same particle used in the previous section as the solvent. The
Lorentz-Berthelot mixing rules are used for estimating the LJ
parameters between solute and solvent pairs,

�uv =
�u + �v

2
, �38�

�uv = ��u�v�1/2. �39�

We employed the artificial solutes, denoted as A, B, and
C. The reduced LJ parameters and masses for each solute
and solvent are listed in Table I. To focus on the size depen-
dency, we employ the same � and masses for all particles.

Fuv�q , t� normalized by Suv�q� as a function of the reduced
time is plotted in Fig. 3. In order to discuss the role of the

TABLE I. Lennard-Jones parameters and mass �reduced unit�
for each particle.

Atom �LJ
� �LJ

� m�

Solvent 1.0 1.0 1.0

Solute A 0.587 1.0 1.0

Solute B 0.529 1.0 1.0

Solute C 0.470 1.0 1.0

0

0.5

1

1.5

2

2.5

−6 −4 −2 0 2 4 6

F(
q,

t)

log(t*)

FIG. 1. Comparison of F�q , t� for each components vs log�t� at
q�=6.81, which is a first peak of the static structure factor. Solid,
dashed, and dashed-dotted lines denote Fuv�q , t�, Fuu�q , t�, and
Fvv�q , t�, respectively. Circle line provides the function which sub-
tracts Fuu�q , t� from Fvv�q , t�.

−1

−0.5

0

0.5

1

1.5

2 4 6 8 10 12

F u
v(

q,
t)

q*

GLE/MCT
Vineyard

Molecular dynamics

FIG. 2. Fuv�q , t� of Ar at t�=1.4. Solid, dashed, and dashed-
dotted lines denote the plots of the GLE/MCT, Vineyard approxi-
mation, and molecular dynamics, respectively.

R. ISHIZUKA AND F. HIRATA PHYSICAL REVIEW E 81, 011202 �2010�

011202-4



self-diffusion of a solute particle in the solvation dynamics,
we have also shown the time series of Fuu�q , t� in Fig. 4. The
first peak position of each Suv�q� is chosen for the fixed wave
number.

Several interesting features can be noted. First, the value
of the curves during the first t�=0.3 does not show any dif-
ference for each solute. Second, the size effect on the
Fuv�q , t� shows up and makes the curves slow after t�=0.3.
These features can also be observed in Fig. 4. The entire
behavior, namely, the size-independent decreasing behavior
and appearance of the size effect after t�=0.3, is directly
related to those of Fuv�q , t�. Since the memory effect for the
solvation dynamics depends on the profiles of Fuu�q , t�, the
difference in the profile of Fuv�q , t� is caused by the size
effect on the self-diffusion process of a solute. These results
indicate that the contribution from the dynamic correlation
function to the memory effect is essential and the surrogate
approximation which ignores it is inadequate for the descrip-
tion of the solvation dynamics, especially for the dynamics
of the long-time region.

Using the Van Hove function, we can obtain the decreas-
ing behavior of the solvation structure with time. The radial
distribution functions, guv�r�, are shown in Fig. 5. guv�r�’s for
solutes A, B, and C are denoted as solid, dashed, and dashed-

dotted lines, respectively. Because the value of the first peak
can be characterized by the density, temperature, and energy
depth of the LJ parameter �LJ, each function shows the same
first peak value. As a result, the size of the solute particle
changes only the first peak position of Suv�q�.

The left column of Fig. 6 shows Guu�r , t� at selected re-
duced times �t�=1.4, 2.8, and 5.6�. The functions for each
solute model are plotted together for comparison. The solid,
dashed, and dashed-dotted lines denote the functions of sol-
utes A, B, and C, respectively.

As clearly seen, the width of Guu�r , t� for the small par-
ticle is broader than that of the large particle. The solute

0

0.5

1

0 1 2 3 4

F u
v(

q,
t)

t*

A
B
C

FIG. 3. Fuv�q , t� at the first peak of each Suv�q� vs time. All
curves are normalized by Suv�q�. Solid, dashed, and dashed-dotted
lines denote the cases of solutes A, B, and C, respectively.

0

0.2

0.4

0.6

0.8

1

1.2

0 1 2 3 4

F u
u(

q,
t)

t*

A
B
C

FIG. 4. Fuu�q , t� at the first peak of each Suv�q� vs time. Solid,
dashed, and dashed-dotted lines denote the cases of solutes A, B,
and C, respectively.
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FIG. 5. Radial distribution function �RDF� g�r� for solute and
solvent. Solid line, RDF for solute A and argon; dashed line, RDF
for solute B and argon; dashed-dotted line, RDF for solute C and
argon.
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FIG. 6. Solid, dashed, and dashed-dotted lines provide the func-
tions for solutes A, B, and C, respectively. �a� Van Hove function
for single solute, Guu�r , t�, at t�=1.4. �b� Solute-solvent Van Hove
function, Guv�r , t�, at t�=1.4. �c� Guu�r , t� at t�=2.8. �d� Guv�r , t� at
t�=2.8. �e� Guu�r , t� at t�=5.6. �f� Guv�r , t� at t�=5.6.
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particle, therefore, diffuses rapidly as the size decreases.
From Eqs. �16� and �22�, since the size of the solute particle
has only an effect on the direct correlation function cuv,
which is included in the memory function, it is concluded
that the differences of the self-diffusion process are mainly
characterized by the memory effect.

The right column of Fig. 6 shows Guv�r , t� corresponding
to the left column. At t�=1.4, the first peak of Guv�r , t� is
detected at the same position of radial distribution functions
�RDFs� �Fig. 6�b��. In contrast to RDF, the first peak of
Guv�r , t� for each solute has a different value. This feature
suggests that the size of the solute is deeply related to not
only the static property of the solvation structure but also the
dynamics. Next, we turn our attention to the relaxation of
Guv�r , t� in the repulsive region of the solute, which is in the
vicinity of r�=0.59. It is known that the distinct part of the
Van Hove function for repulsive regions is due to the self-
diffusion process. The progress of the relaxation is, therefore,
inversely proportional to the size of a solute. Our results
agree with this trend.

At t�=2.8, the specific peak of the solvation structure has
vanished and the relaxation proceeds in the repulsive region.
This result indicates that the size effect of the solute does not
play a crucial role in the behavior of Guv. At t�=5.6, it is
easily found that the decay of the solvation structure is com-
pletely vanished. Although the size effect in the repulsive
region can be seen slightly, this difference is quite small and
ignorable.

IV. CONCLUDING REMARKS

In this paper, we have proposed the GLE/MCT formalism
for the dynamic structure factor between solute and solvent.
The theory is regarded as an extension of the GLE/MCT
formalism for a simple liquid mixture to the infinite dilution
system. As a preliminary application, we have studied the
accuracy of the theory by comparing it with the convolution
approximation and the molecular dynamics using a bulk liq-
uid. We have shown that the result of the MCT is close to

that of the convolution approximation. This result indicates
that the correlation which is ignored in the MCT plays a
crucial role in the relaxation process of the solvation struc-
ture. The statistical mechanics of the triplet correlation func-
tion for atomic and molecular fluids has been developed
from the viewpoint of the integral equation theory �26,28�.
The theory developed herein represents a considerable im-
provement in that it allows the calculation of triplet and
higher-order correlation functions. Second, we have investi-
gated the influence of the solute size on the relaxation pro-
cess of the solute-solvent correlation. On the basis of the
analysis of the time dependence of the Van Hove function,
which is the Fourier transform of the dynamic structure fac-
tor for each solute, the relaxation process is inversely pro-
portional to the solute size.

The theory we presented here opens the possibility to sig-
nificantly improve future applications with respect to the
simple convolution approximations thus far employed. The
soundness of the MCT approximation has been proved in
previous studies on relevant transport phenomena of fluids
such as supercooled and molecular liquids �29�. The theory
developed in this work could be a powerful tool to describe
the solvation dynamics in these systems. In a subsequent
paper, we will propose the formalism for molecular liquids
within the framework of the reference interaction-site model
combined with mode-coupling theory �RISM-MCT�, which
has been presented by Yamaguchi and Hirata �14�. The phe-
nomenological pictures of the positive and negative hydra-
tions were obtained earlier by Samoilov in terms of the dy-
namical behavior of the solvation structure �30�. This method
will open the possibility to gain the insight into the dynami-
cal features of the hydration structure from the microscopic
viewpoint.
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